We study, using the example of general covariance, to what extent a would-be non-abelian extension of free field abelian gauge theory can be helped by a field redefinition; answer -not much! However, models resulting from dimensional reduction also include non-gauge fields to be integrated out, thereby offering a wider choice of redefinitions whose effects may indeed prove useful.
A pervasive feature in attempts to construct nonabelian gauge theories that are ultimately seen to be inconsistent is that the first -abelian invariant quadratic -action term exists, as does the next, cubic one, taken as the product "J µ A µ " of the (quadratic) conserved abelian invariant current and the putative gauge field, hence also abelian invariant. This encouraging start masks the fact that the peril lies in the next, quartic, order. Indeed, many higher-spin interacting models have foundered here, not realizing that the cubic level is trivial. As an explicit familiar example, the SU (2) Yang-Mills cubic action term is
it is obviously invariant under the abelian, Maxwellian, gauge transformations (A µ → ∂ µ S)
valid for the quadratic part, since ∂ µ J µ = 0 on linear shell. The critical term is the quartic, here (A × A) 2 in g = 1 units, because it is the first that must fulfill a non-abelian gauge invariance requirement, including the correct coefficient. In this note, we study a concrete and important case: a would-be Einstein action, say from (improper) dimensional reduction, where exactly this occurs; we will show that the action cannot generally be made consistent by the only valid procedure -local field redefinition -to reinstate the correct quartic term in its expansion.
The Einstein action A = d n x √ −g R in any n > 2 dimension has a unique power series expansion about flat (or indeed, any consistent, Ricci-flat) background space, depending only on the chosen metric form: covariant, contravariant or some density version thereof. Once this convention is adopted, say h µν = g µν − η µν , the form of each power in h is fixed, so it must be matched by any would-be candidate, up to field redefinitions -the only freedom and the one we study here. We begin by closing a couple of blind alleys. First, no improvement is possible simply by changing conventions, say by going from the co-to the contra-variant metric expansion. This is obvious from the uniqueness of any expansion: if one expansion doesn't work, neither can any other sum to √ −g R. The second is the uselessness of nonlocal field redefinitions with their associated new degree of freedom problems and in any case their ineffectiveness: Start with the linear action
and shift h µν by D µνρσ C ρσ , where D is the (nonlocal) propagator inverse to the linear Einstein operator O and C is the cubic in h coefficient of h µν in the "bad" quartic. This indeed would remove the latter but the price is a nonlocal fifth power term from the resulting shift in the cubic part of R. Further, at every step a further unacceptable non-locality would be introduced.
The remaining means to remove the quartic "deficit" is local field redefinition. In general this deficit, the difference between the existing quartic and the correct, Einstein one, suffers both in having the wrong overall scale factor and the wrong combination of the h 4 monomials.
Reverse engineering easily tell us what modifications are permitted at order h 4 , forgetting their higher power effects. Since all terms in the expansion are of the same, second derivative, order, useful field redefinitions must be algebraic, here h µν → h µν + (h 3 ) µν . [There can obviously be no (h 2 ) µν redefinitions because they would disturb the (assumed trivially correct) cubic terms.] The resulting quartic modification is
not a very general form, even allowing for integrations by parts in the -∂ 2 -O operator.
Thus IF and only IF the culprit part of the h 4 term in A can be put in this manifestly "field-redefinable" form is there a hope of success, though even that is rather unlikely given the quintic effects of this redefinition; at best there would be an infinite series of higher power redefinitions required. For our purposes, focusing on the first dangerous -quarticdeviation, the condition (3) already suffices to rule out most candidates. At that, GR is the most favorable case because all terms are of the same derivative order, while models such as YM are of finite number and decreasing derivative order, so obviously even less amenable to field redefinitions, that we have seen start at second derivative order due to the quadratic kinematical term. 1
Our main take-home point is that the key test of nonabelian structure and local symmetry occurs at the fourth order in fluctuation fields, be this in a gauge theory such as Yang-Mills or in a gravitational theory. In the full analysis of a complicated system such as dimensional reduction on a manifold without Killing symmetries, preservation of lower-dimensional local symmetry, and consistency with the anticipated realization of such symmetry, can only be expected after carefully integrating out heavy (non-zero-mode) fields. The crucial task then becomes how to obtain the correct anticipated structure at fourth order in fluctuation fields after the heavy fields are integrated out. 2
